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We have applied ab initio calculations to studying phonon frequencies and the corresponding eigenmodes
for zigzag carbon nanotubes with single vacancies. We find two types of vibrational modes that serve as
fingerprints of the single vacancy, which may be detected by Raman spectra technique. Our calculations reveal
that these vibrational frequencies exhibit a weak size dependence on the diameters of tubes. Moreover, it is
found that the frequencies of radial breathing modes of the defective tubes are quite close to those of the related
perfect ones.
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I. INTRODUCTION

Carbon nanotubes �CNTs� have been extensively studied
due to their unique mechanical, electrical, and chemical
properties.1–5 Meanwhile, many efforts has been devoted
both theoretically and experimentally to the study of the lat-
tice dynamics of CNTs, one of fundamental properties.6–14

Essentially, the vibrational properties are closely coupled
with the atomic structure of a system. For a perfect carbon
nanotube, it was found that the frequency of a radial breath-
ing mode �RBM�, a special mode in which all atoms subject
to radial displacement, is inversely proportional to the radius
and independence of the chirality of a tube.7,11 While the
atomic structure of a perfect tube is altered, which may result
from deformation or structural defects, the vibrational prop-
erties of the tube are certainly influenced. Up to date, the
vibrational features of deformed tubes have been reported by
many researchers. For example, using tight-binding molecu-
lar dynamics, Dereli et al. revealed that the vibrational fre-
quencies of CNTs in radial direction decrease sensitively
with increasing strain rate.15 Cao et al. found that the vibra-
tional characteristics of the carbon nanotube is very sensitive
to small axial stains, and tubes with smaller radii have higher
sensitivities.16 Based on ab initio calculations, it was re-
ported that both frequencies and intensities of the low-
frequency Raman-active modes almost did not change in the
deformed nanotubes by uniaxial and torsional strains, while
their high-frequency part shifted significantly.17

On the other hand, structural defects in CNTs, such as
single vacancies and Stone-Wales �SW� defects, which can
be generated during the growth,18 surely affect the vibra-
tional properties, too. Miyamoto et al. identified the SW de-
fects in carbon nanotubes by combining resonant photoab-
sorption and vibration spectroscopy with scanning tunneling
microscopy and time dependent density functional
calculations.19 They found that a vibrational frequency of
1962 cm−1 served as a fingerprint of such a defect in the
CNT. In addition, the Raman spectra of the topological de-
fects of the carbon nanotube containing pentagon and hepta-
gon rings were also studied.20 However, vibrational modes
related to an individual single vacancy, a very simple and
common structural defect in CNTs,21–24 have not been re-
ported to the best of our knowledge.

In this paper, we systematically investigate the vibrational
modes of zigzag nanotubes �n ,0� �n varying from 7–9� with
a single vacancy, using the frozen phonon approach within
local density approximation �LDA� calculations. We find two
kinds of vibrational modes caused by the existed single va-
cancy in CNTs, which weakly couple with the radius of the
tube. Both of the modes are Raman active, predicted by the
empirical bond polarizability model. These modes can serve
as indicators of a single vacancy in a CNT.

II. COMPUTATIONAL METHOD

Our calculations are performed using the first principles
self-consistent pseudopotential program known as SIESTA,25

which is within the framework of LDA. A double-� basis
set26 is used for the localized basis orbitals of C atoms. The
carbon nanotubes �n ,0� �n=7–9� containing a single va-
cancy together with the related perfect tubes are chosen in
our calculations. For each tube, a periodic boundary condi-
tion along the tube axis is used, and the supercell length in
the tube axis is 25.56 Å, which is large enough to neglect the
interaction between the images of the single vacancies in
CNTs.

The systems under consideration are fully optimized us-
ing the above mentioned approach, so that the maximum
force acting on each atom is less than 0.02 eV /Å. In our
optimization, a single k point �at �� is used to sample the
Brillouin zone because the supercells chosen by us are large
enough. These relaxed geometries are used as the starting
structures for the phonon calculation. In our phonon calcula-
tion, we employ the frozen phonon approximation.27 That is,
the force constant Ci,�;j,� is derived from the numerical de-
rivatives of the force versus displacements of � j,�:

Ci,�;j,� = −
Fi,�

� j,�
. �1�

Here, i and j stand for the labels of atoms, and � and �
refer to the direction �say, x, y, or z�. The force Fi,� of ith
atom in the direction � is caused by the displacement of jth
atom in the direction of �. We set each atom in a system to
displace away by 0.04 Bohr along �x, �y, and �z direc-
tions from its equilibrium position, respectively. According
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to the calculations, the force constants in x, y, or z direction
are obtained by average of the force constants referring to
�x, �y, or �z. These force constants are used to build up
the dynamical matrix of the system.28 By solving the equa-
tion

− �2Miui,� = − �
j,�

Ci,�;j,�uj,�, �2�

the vibrational frequencies � and the corresponding eigen-
modes ui,� are yielded, where Mi is the mass of ith atom.

III. RESULTS AND DISCUSSIONS

As we know, a single atomic vacancy is formed by re-
moving a single carbon atom from a carbon nanotube, leav-
ing three dangling bonds �DBs� behind. In general, the adja-
cent DBs at the single vacancy are unstable. When the size of
a CNT is not large enough, two of three DBs will rebond
with each other to form a new C–C bond, leaving a DB
there. Thus, an ideal single vacancy is converted to a con-
figuration consisting of a pentagon and a dangling bond
atom, so-called 5-1DB defect.22 By performing full relax-
ation, the formation energies of single vacancies in the cho-
sen tubes are predicted to be 5.5, 5.7, and 5.8 eV for �7,0�,
�8,0� and �9,0� respectively, which are comparable with those
calculated from the tight-binding method.22

For a tube containing individual single vacancies, the
atomic structure around the defects in the tube is quite dif-
ferent from that of the perfect portion. Our calculation finds
that the single vacancy in each carbon nanotube mainly dis-
torts the local structure of about three atomic shells around it,
being consistent with the previous report.22 So, if the density
of the single vacancies in a tube is very low, the perturbation
of the structure arising from a vacancy is quite localized.

In order to reveal the vibration properties of a CNT influ-
enced by a single vacancy, we first explore the vibrational
frequencies and the related eigenmodes of perfect �7,0�,
�8,0�, and �9,0� CNTs, respectively, with the frozen phonon
method. By examining the obtained eigenmodes, we identify
the radial breathing modes for the tubes, and find the RBM
frequencies for these tubes emerge at 433.7, 365.3, and
332.6 cm−1, respectively, of which the RBM frequency of
�9,0� tube is well consistent with that �329 cm−1� reported
before.29 Moreover, the coefficient of A ��RBM =A /R, R is the
tube radius in Å.� obtained from our calculation is quite close
to the reported value,29 too.

Then we deal with the vibrational properties of the de-
fected carbon nanotubes. From the calculated eigenmodes,
we observe a special vibrational mode, in which displace-
ments of C atoms are all in radial direction with different
amplitudes, for each defected tube. These RBM-like mode
positions are found at 433.8, 369.4, and 314.7 cm−1 for the
tubes of n=7–9, respectively, differing by only about
10 cm−1 from the related RBM frequencies of the perfect
tubes. Moreover, the major features of some vibrational
modes existed in the perfect carbon nanotube almost remain
in the tube with a single vacancy. This is essentially due to
the fact that the 5-1DB defect is quite localized.

In addition to these vibrational modes as mentioned
above, we pay more attention to the vibrational modes asso-

ciated with the 5-1DB defect. Figure 1 plots the calculated
vibrational density of states �VDOS� for the defected tubes
and the related perfect tubes. From Fig. 1, we not only find
that the VDOS of the perfect tubes is perturbed by a single
vacancy but also observe some vibrational frequencies of the
defected tubes present in the gaps of the vibrational frequen-
cies of the perfect ones. Carefully examining the eigenmodes
related to these frequencies, we find that two types of typical
vibrational patterns appear in each of the defected tubes, and
the frequencies of these modes are marked with A and B,
respectively in Fig. 1. Clearly, the frequencies marked with A
are 1028.6, 1036.5, and 1019.5 cm−1, and the frequencies
marked with B are 1170.1, 1168.1, and 1163.8 cm−1, for
tubes �n ,0� with n ranging from 7 to 9, respectively. These
frequencies vary only slightly with radii of the tubes, which
implies that they are not sensitive to the size of the tube. For
both types of vibrational modes, the common character is
that the amplitudes of the displacements of atoms subject to
the single vacancy are the largest, while those of the atoms
being far away from the defect become much smaller. More-
over, the amplitudes of the displacements of the C atoms
around 5-1DB are not uniform. Some atoms at the vacancy
have significantly larger displacements than other atoms.
Hence, these modes localize at the 5-1DB defect somewhat.
These two kinds of vibrational patterns around the vacancy
are plotted in Fig. 2, where the arrows attached at atoms
represent the direction and amplitude of the atom displace-
ment. Obviously, in mode A �shown in Fig. 2�a��, two atoms
of both C1 and C2, nearest to DB atom in pentagon, subject
to the largest amplitude of their displacements, whereas C3
with a slight displacement. For mode B, as shown in Fig.
2�b�, C1, C2, and DB atom deviate from their equilibrium
positions to the void or in a reverse direction. Meanwhile, C3
and two neighboring atoms of DB atom make a certain con-
tribution to this mode. The observations above strongly indi-
cate that both modes A and B, which are induced by a single
vacancy, can be regarded as the identification of the 5-1DB
defect.

Note that all calculations above are performed at the LDA
level. To assess the validity of our results from LDA calcu-
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FIG. 1. �Color online� The VDOS of the concerned defected
tubes and their related perfect tubes. The modes marked A and B
indicate two concerned modes.
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lation, we recalculate the vibrational properties of �7,0� car-
bon nanotube with or without a single vacancy at the level of
the Perdew-Burke-Ernzerhof generalized gradient approxi-
mation �GGA�.30 Meanwhile, a single vacancy in a graphene
sheet is also handled for comparison between the two levels
of LDA and GGA. The calculated formation energy of the
single vacancy in the graphene consisting of 160 atoms is
predicted to be about 8.3 eV at the level of GGA, which is
consistent with the previous reported GGA value,31 but lower
by about 0.4 eV than that of LDA. For the case of �7,0� tube,
the formation energy of a single vacancy evaluated from
GGA calculation is also lower than that from the LDA cal-
culation by less than 0.3 eV. Therefore, our results show that
the formation energy of a single atomic vacancy from GGA
calculation is systematically lower than that from LDA cal-
culation. According to the frozen phonon calculation, the fre-
quencies obtained from GGA shift downward by 50 cm−1

with respect to the corresponding ones from LDA. Espe-
cially, the RBM for the perfect �7,0� tube and the RBM-like
mode for the defected �7,0� tube that appear at 418.5 and
422.9 cm−1, respectively, shift downward by less than
15 cm−1 with respect to those from LDA calculation. In ad-
dition, the frequencies for modes A and B of the single va-
cancy in �7,0� CNT locate at 1008.9 and 1151.2 cm−1, re-
spectively, quite close to the values from the LDA

calculations. These tests show that although the formation
energy of the vacancy obtained from LDA is higher than that
from GGA, the difference of the vibrational frequencies
evaluated from LDA and GGA is not significant yet. So the
reported vibrational characteristics of the single vacancy in a
CNT from the LDA calculation as mentioned above is valid.

Before closing this paper, we extend our study to the Ra-
man spectra of the defective tubes. Usually, the existence of
structural defects in a CNT lowers the symmetry of the tube,
resulting in more Raman-active modes. For our concerned
systems, we calculate the Raman intensity for all phonon
modes using the empirical bond polarizability model11,32 at a
phonon temperature of 300 K, with a laser excitation wave-
length of 514.5 nm. Our calculations show that the Raman
intensity of the RBM-like mode is the strongest of all modes,
and the concerned modes A and B for each tube are also
Raman active. Moreover, the intensities of both modes A and
B are observed to be stronger than the others in the fre-
quency range of 900–1300 cm−1; a typical case for �7,0�
tube was displayed in Fig. 3. According to the analysis
above, we propose that the single vacancies in CNTs can
probably be probed via detecting the signals of modes A and
B in Raman spectra.

IV. CONCLUSIONS

In this work, the vibrational modes of some zigzag CNTs
with a single vacancy are investigated based on ab initio
calculations. Two types of modes are identified as the char-
acteristic vibration of a single vacancy. In addition, RBM-
like modes are found for the defected tubes, the frequencies
of which just make a little shift with respect to RBMfrequen-
cies of the related perfect ones. Furthermore, using the em-
pirical bond polarizability model, the nonresonant Raman
spectra of these defected tubes are calculated. The RBM-like
mode for each tube causes the most intensive Raman spec-
trum, and two types of characteristic vibrational modes of a
single vacancy are both Raman active.
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FIG. 3. �Color online� Relative Raman intensity of mode A and
mode B for �7,0� carbon nanotube.
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FIG. 2. �Color online� The local vibrational features near the
5-1DB defect in a �7,0� tube for �a� mode A; and �b� mode B. The
relevant atoms are labeled.
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